1. Matrices (I)

/ducti;n.

Intro £ leme:
gl ular array ol mn elements q;;

into m rows and n columns
A rectajements a;; belong to a field F, j =

s said to be a matriz of order

he e -
e matrix) over the i : s e d P
“419; o 0 X7 ) held F. An m'xn matrix is exhibited
/ |
e form .
g7 g1y e Gan a1 a: &
| all | a2 . 1 12 se e a,ln
ses n .
g 222 , or in the form | %21 @22 ... aan
amz - Gmn Ami
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pefnitions: | |

fqual matrices. Two matrices A and B are said to be equal if A and
1' hage the same order and their corresponding elements be equal. Thus
g = (tij)mn 204 B'= (bij)m,n, then A = B if and only if a;; = by; for

ekt § = 1320000

| -
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2, D}aﬂonal-matrlx. A square matrix I8 sald to 1, a

i iq S
if'the eloments other than the dmgoninl °l_:ment8 be a]) %rnflonm m,
Examples of a real diagonal matrix ar ey

(]
. Y
1 00\ /000 200,0
020,040,020,(00
00 5 002/ \002 0 ).

The diagonal matrix (dij)n,n is denoted by diag (dl;,dzzh

3. Scalar matrix. A diagonal matrix is said to be 5 scalg,, m' ' ’d"n)
the diagonal elements be thg same scalar. at

; i i alar matrix wy, Y
4. Identity (or unit) matrix. A sc ose g
ments are all 1, the identity element of the ground figq F . 8o,

|
an identity matrix (or a unit matrix). The identity Matriy ;Sfiaid t:]&
denoted by I,,. | "oy nhf
1 0 ... 0 ‘ -3y

Thus o= | 7 1 0 | = (y)nn, where 5 < ¢ it

| 0 0 .. 1 ) ~,

5 A(Sij:(), ifi;éj

5. Triangular matrix.

A square matrix (a,,-j) is said to be an upper tm'angular Inat i
' i Lare 0. That is, a;; = jp ; . UK jt
the elements below the diagona y Qi ifqy ;7 g

A square matrix (a;;) is said to be a lo'wer trianguloy Matiy .all
elements above the diagonal are 0. That is, a;; = 0 if <j the

A square matrix is said to be a triangular matrix if it is eithey

‘triangular or lower triangular. Doy

A triangular matrix (@ij)n.n is said to be strictly triangulgy if g <
fori=1,2,...,n. Hi

Examples of a real triangular matrix are

428 10 0 00 0 0 1 2
014/, 1320), (200,00 3|
\0 05/ \4 1 6 3 10 0 0 0

A diagonal matrix is both upper triangular and lower triangular,

/I,,;ZL/. Algebraic operations on matrices.
o —_—

We consider matrices over the same scalar field F

1. Multiplication by a scalar. The product of an m x n matr?x
A = (ai;)mn by a scalar ¢ where ¢ € F, the field of scalars, is a matrX
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‘MATRICES | i
(1) g

(b,,)m,n defined by bt‘, =cajj, i=1,2,, My §=1,9;,

wrxtten as cA. Thus we have c(aig)m i = (caij)m i +yn and is

LetAbea.nmxnmatnxa_nd
results are obvious. ©d are scalars. Then the following

(l) c(dA) (Cd) )

(ii) 0A = Om,n, 0 being the zero element of F,
(iii) Omn = Om,n,

c 0 ... 0
(iV) CIn = 0 ¢ ... 0 :
. 0 0 ... ¢

(v)1A=4,1 being the identity element of F.

The scalar matrix of or e _. A
pressed as c I der n Whose dl*}gonal elements areall ¢ can be E

> ,
Addltxon Two ma.tnces Aand B
aﬂdmon if they have the samy e are said to be conformable for
: ?_If A= (0ij)mn and B = (b,,)m n, then their sum A + Bis the matu\
C = (Cij)m,n, Where cu—azg+bu,z_1 2,...,m, j=1,2,. |
If A and B be matrices of different orders, then A + B is not deﬁne

Let A, B bé m X n matrices and c, d are sc
alars. T :
results are obvious. b?n.the f(’uQW“}g

- () o{A+ B) =cA+cB, (ii) (c+d)A= cA + dA.
Thegfem 1. 2 1. Matrix addition is commutatlve

“This says that if A and B be two matrices such that A+ B ; -
then A+ B= B+ A. is defined,

" Proof. Let A = (aij)’m,n B = (bzg) :
Let A+ B =C = (cij)mn andB+A D=(d ”)mn

Then ¢;; = a4 by

= bzJ + a5, since a;j,b;; € F, the ground field
Since C and D are of the same order and Cij = dj, C=D.
That is, A+ B = B + A. This completes the proof.

Theorem 1.2.2. Matrix addition is associative.

This says that if A, B, C be matrices such that the matrices B+C, A+
(B+C), A+B, (A+B)+C are defincd, then A+(B+C) = (A+B)+C.

£
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LN | £ Matrices- '
T11+iplication O
:i&ultlpllc.a 1 B are said to be conformable for the Prog,
Two matrices A an - of A be equal to the number of roy, of gt
mn duct AB is a matrix of o q
n

: lu

AB if the number of colum 4
IfAlz (G4 )m,n B = (bij)np then the P LS
v Elaz’kbkj; 1= ,2,...,m;j§

ecij =
mXxp and AB = C = (Cz'j)m,p wher o =

i 17 N )
The 4jth element of
. corresponding elements

adding the products.
If the number of columns

then AB is not defined.
It is obvious that the products AB and BA are two distinct entitieg

Indeed, one of them may exist while the other may not.
For an m x n matrix A, in order that both AB and B A should exist, B

must be of order nxm. In this case, however, AB and BA are matrices of
different orders. In order that both AB and BA should exist as matrices
" of the same order, both A and B must be square matrices of the same

order.

€

the product AB is obtained by multip]yjng the
of the ith row of A and the jth column of B 4, q

of A be not equal to number of rows of g
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In the product AB, Aiss
be & st-multiplier.

ote. Matrix multiplication is p
jces A and B, AB # BA, in genera].

First of all, if we choose the order
respectively so that the conformabilit
AB and BA are satisfied, then we ob
gre m X m and n x% '
BA.

In order that AB anq B Am
the same order and this requires
of the same order. However if
nxn and n Xn, then although
order, they may not be equal, in general.

This can be shown by taking at random

12) . (5 6
A=(2 3)’3“(4 2)7

_ (13 10 (17
HereAB—(22 18)_,BA—( 8 14),

In some special cases, however, AB = BA.

(1 2\ -, (10
Forexample,letA—(2 3),B— 0 1).

1 2 1 2 :

aid to be a, pre-multiplier and B is said to

ot commutative, That is, for two ma-

sof A and B to be mxn and nx m
Y conditions for both the products

) serve that the orders of AB and BA
respectively and therefore AB cannot be equal to

ay be equal, both of them must be of
that A and B must be square matrices
we choose the orders of A and B to be
AB and BA become matrices of the same

Definition. Two matrices A and B are said to commute with each other
if AB = BA. Since AB = BA, A and B must be square matrices of the

same order.

Some Examples of commuting matrices. |
1. Let A be a square matrix. Then A commutes with A itself.
2. Let A be a squaré matrix of order n. Then A commutes with
because A.I, = I,.A = A.

| 3. Let A be a square matrix of order n. Then A
because A.0p n = Onn-4 = Onn- '

4. Let A be a square matrix of or e
scalar matrix cl,,, because A.clp = Cln. A= £

. d
) e atrix A of or
Definition. Divisor of zero. A non-zero m
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commutes with On n,

der n. Then A commutes with the

er mXMis

<2

j



' x B of ordey
£ _zero matri
said to be a divisor of zero if there exists'a non sero matrix C of

n X p such that AB = O, p, or if Qhere ex:sts a non-

order p X m such that CA = Op n
When AB=0,Ais Sa.ld to \be a left dwzsor of ze

be a right divisor of zero.

ro and B is said to

Example.

' ,_1 6 —4
4 2 6 6 0 8

C=(639)D (548)'

Then AB = ( 0 0 ) So A is a left d1v1sor of zero and B ls a rlght

0 0O
divisor of zero. BA#(g 8) Also BC—(O 0 0)

So B is a left divisor of zero and C is a right divisor of zero. CB i is
not defined.

/16 8§ (16 8 24 _
AC= (32 1648)’ AD = (32 16 48 ) AC =40 bul
C'# D. This happens because A(C' — D) = O does not imply C—D =0

—Fheorem 1.2.3. Matrix multiplication is associative.
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fam tI'iX- | .
W3- Cn*anspos‘e‘loér9 . Then the 7 X m matrix Obtainedb

R ~ X 1 matri . 3 - y
| e 'bz f;w:zand columns of A 18 said to be the transpose of 4 anq
~_jnterchangill |

t T), |
is d;zotefiflz’ A (C(:.r)jn)then At =B = (bij)n,m, Where b;; = Ajiy 1§ 5
us 1 = 1] ’

1,257 J = 1,2,...,m.
}E‘éorem 1.3.1. (At =A.
~ The proof is obvious. |
heorem 1.3.2.. If A and B be two matrices such that A+ B is defing
then (A + B)t= A+ B". |
Proof. Let A = (ai;)mny B = (0ij)m,n- Then A + B is defined.
The order of A+ B is m x n and the order of (A + B)! is n x m.

* Also, the order of A is n x m, the order of Bt is n x m.
Therefore the order of A* + Bt is n x m.

Thus the order of (A+ B)! = the order of (At + B) .+ sl i)
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Uth element of (4 .4 B)t
e ji sth element of (4 .. B)
zth element of A 4

= B8 1 element of At ﬁth element of B

g t‘):ua jjth element of ( At element (of Bt | s
=zt - (i) |
i d (n) it follows that (4 4+ B) =Atypt

# 4.8.8 If c be a scalar, (cA)t < cqt

re
1160 A= (au)m n. Then the order
r;rﬂof' Le; X o (CA)t 181 X m and the order
tis
fGA . ¢he Ordel' of (CA) = the order of c At

rfhlls pe ijth element of (cA)t - e (1)
Agﬂln’ the jith element of cA

_ c(jith element of A)

_ c(ijth element of A?)

the ijth element of cAt (i)

d (11) it follows that (cA)t = cpt.

From(i) " If A and B be two mat ¢
rlces of th
00“’1 %t where c,d are scalars. € same order

A

100
gen (

(cA+dB)t =

o 1.3.4. If A and B be two matrices su
AB)t = BUA"
me (azy)m ny B = (bij)np. Then AB is defined.
o order of AB is m X p. So the order of (AB)t is p X m.
\lso, the order of B" is p X n, the order of At isn x m,.
4o the order of B*A" is p x m. '

Thus the order of (AB)! = the order of Bt At )

Again, the ijth element of (AB)?

_ the jith element of AB

_ the sum of the products of correspondmg elements of the jth row
4 A and the it column of B '

— the sum of the products of corresponding elements of the jth col-

mn of At and the ith row of B? |
= the sum of the products of corresponding elements of the ith row

B! and the jth column of A®
= the 7jth element of BtAt ... (ii)

bom (1) and (ii) it follows that (AB)* = B*A".

Note, 11 A, B,C be three matrices such that ABC’ is deﬁned then
4BC): < ot gt 4t i

ch that AB is defined,
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ces such that | the |
prod‘lct

In general, if A;,Aa,...,An be ® matri
AjAz...A,, is defined. then (Alr}iz,., Ayt = At ASAL-
atrices.

yric if A = A" Therefore

\/IA/'Symmetric and skew symmetric ™
A square matrix A is said to be symme

A = (a;;) is symmetri
A square matrix A
A = (a;;) is skew symme

Examples of a symmetric matrix are
3
)

135 1 241 .
s 07|, |2+ @ 17
5 7 2 g 1-i O

Examples of

—At, Theref()re

).

a skew symmetric matrix are |

¢ if aij = @ji: o
is said to be skew symmelric ifA=

tric if aij = ~ %

s 8
O

h
b
g f

: 0 1 -8 0 '

1 0 2/, |2t 0 2 i
g -2 0 -3 -2 | 0

Note. Ann X7 null matrix is both symmetric and skew symmetric.

1. IfA and B be two symin

metric.
_ A+ B, since A' = 4, Bt = B.

etric matrices of the same

Theorem 1.4.
order then A+ B is sym

Proof. (A+B)' = At + B
This proves that A + B is symmetric.
be two symmetric matrices of the same

’ Theorem 1.4:2. If A and B
order then AB is symmetric if and only if AB = BA.
Proof. Let AB be symmetric.

Then AB = (AB)t [
=BtAt=BA, since Bt = B, At =

A.

Obnversely, let AB = BA.
BA, since B = B, A=A

Then (AB) = B'A’
— AB, by the assumed condition.

Therefore AB is symmetric.
This completes the proof.

Theorem 1.4.3. If A be a

AtA are both symmetric.
AAt and A*A are square matrices of order m and i
| n respectively.
(AAY)t = (A')P A — AAt and (AtA) = AY(AY) = A*A. £
This shows that AA* and At A are both symmetric matrices.

n m X n matrix, then the matrices AA? and
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rem 1.4.6. A real (or complex) square matrix can be uniquely ex-
esf; 188 the sum of a symmetric matrix and a skew symmetiic matrix.
€5 . . T
f ; ot Abea glvelan matrl:{. Then A can be expressed as
Pf";'; LA+ AY) + 3(A - AY). |
e A AN = HAY+ (4] = A+ a1

od (A~ AN = 5[A* — (AY] = 3lA" - A] = =3|A - A4,
. shows that -1§(A + AY) is a symmetric matrix-and (A - Af) 13 a

(metric Mayrix. | | |
Ske\f}}slyrzfore Ais expressed as the sum of a symmetric matrix and a
1€rC

jew symmetric matrix. ‘ . *
We nOiv show that this decomposition is unque. e
L A - P+ Q where P 18 symmetric and Q is skew symmemc.

et A= i

..Then...‘/‘lnt.__=P"’+Qt ‘—‘P—'Q-t B
We have A + At = 2P, A - At =2Q.

1( A — At) and this
S°P=%'(A+At),Q=§(A A') a

Note, The theorem does not--,hold if the groun

stic 9.
\

proves the theorem.

feld F be of character-
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Worked Example (éonfinued). | -
2. ExpressA= :i ’g 8) | | g ‘
skew symmetrlc matrix.
Let A= P + @Q wher
Them At = Pt +Q@ =P ~C- LA A

y is skew Symmefric
metnc and Q kew . o
re P 1s S m .

WehaveP—z(A”LAt), 4 3 1 4 41
f 4.8 _| a7 &\,
' 1F 3 7 2 |+ 5 T 6)‘\ (1 ' 8)
P=2/{1 6 8 1 2 8 4
f 4 5 1 4 3 1 01 10 _02
1| 3 7 2 — 5 7 6 = ——0 ) .
g7 1 6 8 1 2 8 o~ 2
/44 1) o1 O
- —2
Therefore A g Ly ¥ .
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l pe'ﬁ{ition. A square matrix A is said to be idempotent it A> = A
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